We investigate using the potential for the QCD axion to inflate. In particular, for axion models with a softly broken ZN symmetry, the axion potential has a series of N local minima and may be modeled by a tilted cosine. Chain inflation results along this tilted cosine: a series of tunneling events takes place as the field tunnels its way from an initial minimum near the top of the potential to ever lower minima. We demonstrate that this results in sufficient inflation as well as reheating. Tunneling in the last stage is suppressed since the magnitude of the tilt produced by the soft breaking of the Peccei-Quinn symmetry is tightly constrained based on limits on the neutron Electric Dipole Moment. The implications of this suppression must be further considered.
In 1981, Guth [1] proposed an inflationary phase of the early universe to solve the horizon, flatness, and monopole problems of the standard cosmology. During inflation, the Friedmann equation
is dominated on the right hand side by a (nearly constant) false vacuum energy term ρ ≃ ρ vac ∼ constant so that the scale factor of the Universe expands superluminally, a ∼ t p with p > 1. Here H =ȧ/a is the Hubble parameter. The cosmological shortcomings are resolved if there is sufficient inflation, roughly 60 e-folds.
In this paper we investigate the possibility of using the potential for the QCD axion a to inflate. While the axion is a priori a Goldstone boson of the spontaneously broken PecceiQuinn symmetry U (1) P Q , QCD instanton effects induce an axion potential with residual Z N symmetry. The model we consider includes an additional explicit soft-breaking term, which tilts the instanton induced potential. While the complete form of the axion potential is dependent on non-perturbative effects, it is well modeled by a potential of the form
The first term models the periodic instanton potential as a cosine with N degenerate vacua, or N bumps. The width of each bump is given by the Peccei-Quinn scale
and the height of each bump V 0 = m 2 a f 2 a is roughly the QCD scale. The second term in (2) is the tilting effect of the soft-breaking term. A typical potential is shown in Fig. 1 . The inflation starts with the axion field located in a minimum at the top of the tilted cosine potential. Then the universe tunnels to the next minimum in the cosine, then on down through all the minima until it reaches the bottom. The universe inflates a fraction of an e-fold while it is stuck in each of these minima, so that in the end sufficient inflation results for N ∼ few hundred. The general framework of a sequential chain of tunneling fields was considered previously in the Chain Inflation model proposed by two of us [2] .
To be specific, we consider the invisible axion model of Dine, Fischler, and Srednicki (DFS) [3] . The axion is identified as the phase of a complex SU (2) × U (1) singlet scalar σ below the PQ symmetry breaking scale σ = v/ √ 2,
Then the periodicity of the axion field is a = a + 2πv = a + 2πN f a , where f a is the axion decay constant. Defining
we see that θ is 2πN periodic. Below the QCD scale Λ QCD ∼ 220MeV, QCD instantons produce a potential with N degenerate minima at θ = 2πn where n = 0, 1, 2, . . . , N − 1. The effective action is where g(x) is a periodic function of period 2π, whose Taylor series expansion begins with
The axion mass is given by
where z = m u /m d = 0.56. Roughly we see that m a f a ∼ m π f π where the pion decay constant f π = 93MeV and the pion mass m π = 135MeV. Here N refers to the unbroken Z N subgroup of U (1) P Q . This value N corresponds to the number and representations of fermions that carry color charge as well as PQ charge (and hence contribute to the QCD anomaly) [4] . Since we require N ∼ 200, we need to introduce additional heavy fermions in addition to the usual quarks and leptons. While the form of g(x) depends on non-perturbative effects, and hence is not fully specified, to be concrete, we will take it to be a cosine, g(x) = cos(x). This captures the main features of the periodic instanton potential, and will be sufficient for our purposes. We will, in addition, take the U P Q (1) symmetry to be softly broken [4] . Following [4] , we consider the addition of a soft breaking term of the form L soft = µ 3 σ + h.c. where µ is a complex parameter and σ is given in (4) . Below the PQ scale, this adds a term to the axion potential of the form η cos(a/v + γ) where η and γ are real parameters. The combined potential is then given in Eq. (2) . Note that the phase shift γ misaligns the QCD and soft breaking minima. Without loss of generality, we may restrict γ to lie in the range −π/N < γ < π/N . We note that, away from the bottom of the potential, the tilt can be treated in the linear regime, so that the total potential is of the form
Then the energy difference between minima is roughly ǫ ∼ 2πη/N . In this linear regime, the requirement that ǫ be less than the barrier height becomes
Unless this criterion is satisfied, the barrier becomes irrelevant and the field simply rolls down the hill rather than tunneling. Sufficient Inflation and Reheating. A successful inflationary model has two requirements: sufficient inflation and reheating. Here we have a series of a large number (N ) of tunneling events as the universe transitions from an initial high vacuum energy down to zero. In order for sufficient inflation to result, the universe must expand by at least 60 e-folds by the time all the tunneling events have taken place (by the time the field travels all the way down the cosine):
where χ tot is the total number of e-folds. In addition, in order for the universe to be able to reheat, the number of e-folds attained during one tunneling event must be small (less than 1/3 of an e-fold), as shown below. The failure of old inflation, known as the "graceful exit" problem, is circumvented because the bubbles of true vacuum are able to percolate at each step down the potential since the phase transition is fairly rapid. This basic proposal, of a series of tunneling events for inflation, known as Chain Inflation, was previously proposed by two of us [2] . Our original paper required a large number of fields, in which the universe follows a path in a multidimensional potential from high to zero energy. Here the same basic idea of a series of tunneling events takes place, but with the axion potential in Eq. (2). We review the requirements here, and refer the reader to our previous work for more detail.
In the zero-temperature limit, the nucleation rate Γ per unit volume for producing bubbles of true vacuum in the sea of false vacuum through quantum tunneling has the form [5, 6] 
where S E is the Euclidean action and where A is a determinantal factor which is generally the energy scale ǫ of the phase transition 1 .
Guth and Weinberg have shown that the probability of a point remaining in a false deSitter vacuum is approximately
where the dimensionless quantity β is defined by
Writing Eq. (12) as p(t) ∼ exp(−t/τ ), we can estimate the lifetime of the field in the metastable vacuum as roughly
The number of e-foldings for the tunneling event is
Guth and Weinberg [8] as well as Turner, Weinberg, and Widrow [9] calculated that a critical value of β ≥ β crit = 9/4π (16) is required in order for percolation and thermalization to be achieved. In terms of e-foldings, this is χ ≤ χ crit = 1/3.
As long as this condition is satisfied, the phase transition at each stage takes place quickly enough so that 'graceful exit' is achieved. Bubbles of true vacuum nucleate throughout the universe at once, and are able to percolate and reheat (no "Swiss Cheese problem" results). By general considerations of the model discussed thoroughly in a previous paper [2] , a series of tunneling events with a tilted cosine can create sufficient inflation and produce the necessary reheating.
Tunneling Rate. In the thin wall limit, the tunneling rate is given by Eq. (11) . As shown by [5, 6] , we need to calculate
integrated from one minimum to the next, where the symmetric portion of the potential is
Then
The Euclidean action is [5, 6] 
2 There will be a distribution around this typical value.
For the parameters of the DFS axion, S 0 ≫ 1 and tunneling is suppressed in the thin wall limit (in fact, the thin wall limit almost never applies to any realistic tunneling event for any potential as tunneling is suppressed [10] ). Hence, to have reasonably fast tunneling with χ < 1/3 for tunneling from one minimum to the next, we must be outside the thin wall limit. However, as mentioned previously, there is the additional constraint ǫ < V 0 in order for tunneling to take place at all, as opposed to mere rolling down the potential. Thus, obtaining the right amount of inflation requires ǫ/V 0 ∼ 1/2. The exact range of parameter space which allows the correct amount of inflation at each stage of tunneling (from one minimum to the next) will be studied in a future paper [11] .
The Neutron Electric Dipole Moment. We must ensure that the soft-breaking term in Eq. (2) does not destroy the strong CP solution, i.e., that the minimum of the potential in Eq. (2) is not shifted away from zero by more than is allowed by the electric dipole moment (EDM) of the neutron [12] ∆θ EDM < 6 × 10 −10 .
To find the minima of the potential, we solve V ′ (a) = 0, or
To leading order in small η, the minima are located at a n = 2nπf a − η fa V0N sin( 2πn N + γ) for integer n where the potential is V (a n ) = −η cos( 2πn N + γ). Then the energy difference between two adjacent minima is
The difference in field value between minima is
We will now focus on the bottom of the potential, at n = 0, since this is presumably the endpoint of tunneling (corresponding to the current universe) where we have to impose the EDM bounds. For large N , we find that the shift fromθ = 0 is given by
In the last equality, we have used the fact that |γ| < π/N to estimate that a typical arbitrary value of γ ∼ π/(2N ). During most of the route down the potential, away from the bottom, the tilt can be approximated as being linear, as in Eq. (8) . In the linear regime, ǫ = 2πη/N . Taking, e.g., n ∼ N/4, and using Eq. (26), we find
Combining this with the bound on the EDM of the neutron in Eq. (22), we find that 
To get a sensible reheat temperature T R > 10MeV after inflation 3 where T R ∼ ǫ linear , we see that we need a large number of new heavy fermions.
At the bottom of the potential, ǫ(n = 0) ∼ 2π 2 η/N 2 , or using Eq. (26),
Combining this with the bound on the neutron EDM, we find that
The two conditions in Eq. (28) and Eq. (30) can be written as
where κ = 4π at the bottom of the potential and κ = 4N in the linear regime. Substituting this equation into Eq. (21), we see that the Euclidean action can be written as
The tunneling rate is extremely suppressed for parameters allowed by the constraints on the neutron EDM,θ| EDM < 6 × 10 −10 . To obtain a reasonable tunneling rate, we need to get away from the thin wall limit (as discussed previously); i.e. the value of ǫ must be closer to V 0 ∼ (100M eV ) 4 and hence must be larger than allowed by Eq. (32). In order for Chain Inflation with the axion to succeed, we must reconsider some assumptions we have made.
We note that, with large enough N , the tunneling rate can be perfectly reasonable as long as one stays away from the absolute bottom of the potential [see Eq. (28)]. Indeed, the reheating of the universe can take place in the linear regime. As the field goes farther down the potential, the vacuum energy gets smaller and smaller, and fewer e-folds result. Hence, radiation that is produced during reheating that takes place near, but not at, the bottom of the potential, is not inflated away by the last few episodes of tunneling to the bottom. We have not yet investigated details of the particles produced during reheating; axions may provide the dark matter.
The only real problem with the model is the last tunneling event, at the absolute bottom. In Eq. (30), we see that there is no dependence on N ; the allowed energy difference is simply so small that no tunneling takes place. The universe would still be situated in this false vacuum now.
Getting around the Neutron EDM constraint. The constraint on the neutron EDM has led to the problem that the energy difference between vacua at the bottom of the potential is so small that the universe gets stuck in a false vacuum (very near the bottom of the potential), and is unable to tunnel through the last barrier to zero energy. One way around this would be to simply set the phase difference in Eq. (2) to γ = 0. Then the instanton term cos(N a/v) and the tilt term cos(a/v) in the potential would automatically have the same minimum, and there would no contribution to the neutron EDM. However, this is exactly the kind of fine-tuning of the strong CP problem that the invention of the PQ symmetry was trying to avoid; the raison d'etre for the axion is then called into doubt.
Perhaps we can somehow rig the model so that we define this residual energy (the energy of the minimum near the bottom where the field gets stuck) to be zero. We have no illusions about solving the cosmological constant problem here in any case. Or, perhaps the energy of the last stage at which the field gets stuck is ǫ bottom ≤ 10 −4 eV, in which case it might explain the dark energy. Possibly quantum corrections dependent on parameters in the potential could generate such a low mass scale near the bottom.
Alternatively, we must generalize beyond the case of the DFS axion with cosine tilt. We here suggest some possibilities, and hope the reader will think of others.
An interesting idea is to have a time dependent tilt, i.e. a time-dependent η in Eq.(2). If η starts out substantial and becomes smaller as time goes on, then the field tunnels successfully through almost all N minima, but near the bottom of the potential η → 0, the system is fully degenerate, and the field in any mimimum is at zero energy (andθ = 0). Such a time-dependence could be achieved if η represented the vacuum expectation value of some field coupled to the axion. If the energy at the bottom is 10 −4 eV, again this could explain the dark energy. Alternatively, perhaps the axion couples to another particle in such a way that, once the system nears the bottom of the potential, there is another direction in field space along which the system can quickly get to zero energy. The potential would then be two dimensional, so that the system rolls along the other field to get to the bottom.
Perhaps we have been too restrictive in our choice of tilt. We used the simplest periodic possibility, that of a cosine (such as one might obtain by putting a block under one side of the Mexican hat). Alternatively, one could try other functions as the soft PQ symmetry breaking responsible for the tilt. The ideal function would be one that is entirely flat near the bottom, so as to easily satisfy the neutron EDM bound, and then would rapidly become steeper so as to obtain inflation and reheating higher up the potential. For example, if we model the tilt as ∼ θ 10 from n = N/4 all the way down to the bottom (with unspecified shape near the top of the potential), then the potential near the bottom would be so flat as to easily satisfy the neutron EDM, and yet the potential higher up would be steeper (with ǫ ∼ 1/2V 0 ) so as to easily allow tunneling and reheating. Such a choice could satisfy all constraints.
If, somehow, the Z N symmetry breaks once the field is near the bottom of the potential, then the field could quickly roll to zero energy.
There are many axion models different from the DFS axion (see, e.g., the review of [18] ). One should consider other models to see how they fare as inflatons. For example, there are models with several axions [15, 16, 17] , each of which obtains a cosine potential via instanton effects 4 . Perhaps a coupled two axion model would allow a better tilt term. Many other possibilities exist as well.
Axions abound in string theory (both in supersymmetric and non-supersymmetric backgrounds). Some of these may solve the strong CP problem [13, 14] and should be considered as chain inflation candidates.
We have discussed the restrictions due to the neutron EDM in the simplest variant of axion chain inflation and listed a few attempts to work around them. Perhaps other readers will find a better solution.
On the Value of N. We note that N need not equal the number of fermions that carry color and CP charge. Indeed, the number of fermions may be far less, depending on the relevant group representations. Defining T (2π/T Θ ) r,i Q ri t r where Q ri are the PQ charges of the fermions and T Θ , the period of Θ, need not be 2π (see e.g. the review of Sikivie [19] ).
Domain Walls. One might worry about the deleterious effect of domain walls separating regions of the universe situated in different vacua. The axion potential with its N minima 'turns on' when the temperature of the universe drops to Λ QCD . At that time, different horizon-sized portions of the universe fall into different minima. By the Kibble mechanism, one would expect ∼ 1 domain wall within each horizon volume. As shown by Sikivie, the energy difference between vacua leads to pressure on the domain walls, so that the domain walls push into the higher energy regions and eliminate them in favor of lower energy minima. The time scale for the domain walls to get rid of the higher energy domain is roughly τ ∼ f π m π F a /ǫ, which is much shorter than a Hubble time (or the timescale for one e-folding). Hence, in any horizon volume that initially contained several domains, the one with the lowest energy quickly comes to dominate. One might worry that the universe is quickly driven to zero energy, without any inflation. However, this is not the case. There are at most two or three domains in any horizon volume, with different values of a . Indeed the lowest energy of these two or three domains takes over the entire horizon volume. However, at that point the region starts to inflate, starting from the value of a of the winning domain. In an average horizon volume, the field will be half way down the potential, at ∼ N/2. Once the universe starts to inflate, it quickly pushes any residual domain walls way beyond our observable horizon, so that they can no longer affect the dynamics of the universe and its expansion.
In some part of the universe, a horizon volume will contain only domains with values of a ∼ 0, near the top of the potential. Even the lowest energy of these is still near the top of the potential. Those regions that start the highest up the potential will inflate the most and will take up the largest fraction of the universe after inflation. Hence, if one asks about the "a posteriori probability", i.e., one plunks down our observable universe in a random patch of the total universe after inflation takes place, then one is likely to find a region that started inflating near the top of the potential. A typical patch of the universe (after inflation) has inflated sufficiently. Thus, domain walls do not destroy axion inflation. In fact, they have the positive effect of driving a causal patch prior to inflation to become more uniform by shoving away the nonuniformities.
Conclusion. We have investigated using the the QCD axion potential to inflate. We use the cosine shape of the axion, with N minima, due to a residual Z N symmetry, together with a tilt produced by a small soft breaking of the Peccei Quinn symmetry. We studied the DFS axion. Chain inflation results along this tilted cosine, with a series of tunneling events as the field tunnels its way from a minimum near the top of the potential to ever lower minima. Sufficient inflation as well as reheating result. Tunneling in the last stage is suppressed due to constraints on the neutron Electric Dipole Moment and must be further considered. We have discussed the difficulties due to the neutron EDM in the simplest variant of axion chain inflation and listed a few attempts to work around them. Perhaps other readers will find a better solution.
In this paper we have restricted discussion to axions which can solve the strong CP problem. Obviously, if we forego any contact with real QCD, then the allowed ranges for parameters becomes much larger. For example, the constraint from the neutron EDM vanishes. Then the ranges of potential width, barrier height, and energy difference between vacua are completely opened up. A tilted cosine may arise due to (non-QCD) "axions" in many other contexts, such as string theory, and would easily provide an inflaton candidate. Such a general case will be investigated in [11] .
